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Quantum inflaton dynamics
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We show that the quantum dynamics of a real scalar field for a large class of potentials in the symmetric
Gaussian state, where nonperturbative quantum contributions are taken into account, can be described equiva-
lently by a two-dimensional nonlinear dynamical system with a definite angular momé¢bimcharge of a
complex theory. A proposal is put forward that the symmetric Gaussian state with a nearly minimal uncer-
tainty and a large quantum fluctuation, as an initial condition, naturally explains most of the essential features
of the early stage of the inflationary univer§80556-282198)02024-4

PACS numbdis): 98.80.Cq, 04.62:v

The standard cosmological model combined with particlein which the quantum properties of the inflaton were inves-
physics at high energytemperaturg is plagued with the tigated and used in inflation scenarios. In the new inflation
monopole, horizon, flatness problems, and so on. A majoscenario the quantum effects of the inflaton were partially
breakthrough to solve most of these problems was found iteken into account by using a one-loop effective potential
the inflation paradigm invented by Gufh]. (For a review and an initial thermal condition in Ref7] and in the sto-
and references, sd&].) His simple but attractive idea, the chastic inflation scenario the inflaton was studied quantum
so-called old inflation scenario, is that an inflatttomoge- ~ mechanically by dealing with the phase-space quantum dis-
neous scalar fieldundergoes a first order phase transitiontribution function or the probability distributiof8].
from a symmetric vacuum as the Universe expands and N this paper, we pursue the quantum dynamics of a real-
thereby the temperature drops, and the energy density of thélued inflaton(homogeneous real scalar figltbr a large
inflaton captured in the false vacuum drives an exponentigflass of potentials in the FRW universe and put forward a
expansion of the de Sitter phase. However, this scenario h&§0posal for the initial quantum condition for the inflationary
a major defect — the graceful exit problefd]. The new universe. In thg Schdinger plcture, the scalar !nflaton
inflation scenarid4] based on a second order phase transifheory is approximately but quite accurately described by a
tion overcomes the graceful exit problem, but raises anothetymmetric Gaussian state for an extremal configuration of a
problem involving a fine-tuning of the coupling constants. [tbosonic condensate of scalar particles. The symmetric
is also possible to solve the graceful exit problem in theGaussian state can be explicitly found by using the nonper-
context of Jordan-Brans-Dicke thedf§]. The chaotic infla- turbative method of Ref9] or a direct Gaussian wave func-
tion scenario introduced by Lindé] does not make any use tion as in Refs[10,11). The resulting equations are two-
of phase transitions but rather investigates various initial disdimensional - coupled nonlinear equations where the
tributions of the inflaton that lead to inflation. Furthermore, dynamical variables are the dispersion of the inflaton and the
this scenario is model independent in the sense that one c&@le factor of the FRW universe. This semiclassical quan-
obtain a significant inflation for a large class of potentials. tum description of gravity shows many features similar to

Most of these scenarios are based on the classical gravifassical gravity except that nonperturbative quantum contri-
of the Friedmann equation and the scalar field equation oRutions are taken into account, affect the coupling constants,
the Friedmann-Robertson-Walk@fRW) universe, assuming & conserved angular momentum appears from the quantiza-
its validity even at the very early Universe. However, quan-tion condition, and so on. Moreover, the semiclassical grav-
tum effects of matter fields such as initial quantum condi-Ity @pproach provides a more direct and clear description for
tions and quantum fluctuations are expected to play a signifi?€ initial quantum conditions than the phase-space quantum
cant role in this regime, though quantum gravity effects aréilstnbl,!no_n function or probablllty dlstr_|but|0rﬁ8]_. In the
still negligible. The proper description of a cosmological €nd, within the framework of semiclassical gravity, we pro-
model should be in terms of the semiclassical gravity of the?0Se that the symmetric Gaussian state with a large fluctua-
semiclassical Friedmann equation with quantized mattefon (dispersion and a minimal uncertainty is the initial

fields as far as inflation is concerned. There are a few workguantum condition for the inflationary universe. -
We shall begin with a spatially flat FRW mettic
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ds?= —dt?+a?(t)dx?, (1)  which is the Dirac action except for its wave function being
now limited by the Gaussian form in E¢¢). By a straight-

and consider a real homogeneous and isotropic inflaton ddorward computation, one finds that the effective action is

scribed by the Hamiltonian given by
p2 m2 mé)\zn (;b 2n Ieff: f dt[ 77)().(_ Heff( Ty 1X)]1 (9)
H(t)= +a¥(t)| 5 ¢°+ —(—) } (
2a3(1) 2 (2n) \mp where
2
T
wherep=a3¢ is the momentum conjugate to the real infla- Her( 7y, x) = 2—)(3+33Veff(x). (10
ton field. The classical equation of motion for the inflaton a
field reads with the effective potential
. 1 m? m‘éh?( X )Zn
2n—-2 _ 2 n
. aj . Vv =553+t 5Xt—51—] . 11
$+3| | o+ m?¢+ m,%)\Zn(m— $#=0, (3 X) " g 2% 2n) (me v
P

Where)\%:[(Zn)!/Z”n!])\2n is an effective coupling con-
while the scale factom(t) is governed by the Friedmann Stant. Upon extremization of the effective acti8), one

equation finds that our system is described by Hamilton’s equations
3. _
. a X= Ty,
(a(t) ? 8m @ §
a(t))  3a%m2 .39
P T=— a aveff()()
In this classical context, it is known that the inflation may on—1
indeed occur but the unnatural fine-tuning of the initial data _ 1 — a3 m2y+m3rQ (i) (12)
i 5 H - 3.3 X P 2n "
is, more or less, needed as will be seen. But before dealing 4ady mp
with classical gravity, we shall first analyze quantum theory_l_h iclassical Fried tion b
and obtain the classical theory as its limit. € semiclassical Fnedmann equation becomes
Upon quantization of the real inflaton, the Satirmer (é(t) 2 gn
tion f tum fiel — | =——=—Heg- 13
equation for a quantum field, a)) ~3a'md eff (13

0 . One can also understand the physics of the above system
'E\I’(d”t):H(t)‘P(‘ﬁ't)' 4 from a different point of view using the method of RE9],
which is based on the technique of solving the Sdhrger

determines the time evolution of the inflaton, whereas th&quation for the time-dependent Hamiltonian syster@).

Friedmann equation, at its semiclassical level, One introduces the annihilation operator of a Fock spa8g
redefined as a dimensionless quantity:
: 2
a(t) 87 . ~ e*(t). : o
bl A= —mpad(t)e* (1), A'=H.c., (14
(aw) s (6) o P mea’ (D" (0 c., (14

describes the evolution of the Universe. such that

There is a rather standard method to find an approximate [AAT=ia%(¢*o—p* )=1, (15)
Gaussian state that extremizes the endispe, e.g., Refs.
[9-11]). Although one may use a more generic Gaussia
wave function, we shall use a symmetric Gaussian $fidig

h’;\nd ¢o(t) in Eq. (14) is a complex scalar variable with the
same dimension as the classical fiedd One then expands

the Hamiltonian in terms oA andAT, and truncates it up to
1 Wx(t)) 21 the quadratic termél(z) for an approximation. The require-

1
V(p,t)= WGXF{_(Ar 20 Y0 ment thatA and AT should be solutions of the Liouville-
X X (77 Neumann equation

as our trial state. The real functiong and =, are time- i%ﬂt[A,H( =0 (16)
dependent parameters, whose time dependence will be deter- ot
mined below by the Dirac action principle. We are going to

extremize the effective action leads to the equation of motion for thefield

n-1

*
- "¢
(P+m2(P+m|%)\2Qn(F ¢=0. (17

P

a
a

o= [ Atz - A1), ® 6+3
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If one setsep= ye '?, Eq.(17) reduces to Eq(12) with the = where we used Eq18). A nearly minimal uncertainty can
constraint(15) expressed as be achieved whem, y~0, that is, eitherr,~0 or y~0. We
propose an inflaton’s initial quantum state with~0 and a

—943.29_
Q=2a’x"0=1. (18) large quantum fluctuatiog> x., where
We have thus found that the quantum dynamics of the real 1 271(2n-2) 1 67]1/(2n+2)
inflaton theory is equivalently described by the two- Xc _ _(ﬂ m
dimensional nonlinear dynamical system. The expectation Mp A3\ M a3\ 20
value of the Hamiltonian gives rise to the effective Hamil- (23

tonian Under this initial condition the first term and the centrifugal

. 1. . m? meAS [ oo\ potential term in Eq(20) are small compared with the other
Hert()=(H(t))=2a° P et S etet 2\ 2 two terms, and Eq(20) reduces to the equation for classical
Mp 19 inflaton when the dispersiog is interpreted asp. For this
(19 large quantum fluctuation, E€R0) may be approximated as
It should be noted that this complex system has() dym- on—1
metry under the transformatiop—e'“p, and that the com- 3 a )'(+mg)\2Qn(L) =0. (24)
mutation relatiod A,A"]=1 indeed determines the charge to a Mep

be unity. In this framework one can easily obtain highersince the kinetic termr?/2a® in Heq is much smaller than

order corrections to the Gaussian Stﬂbz Ve for large y, by substituting an approximate Friedmann
A few comments are in order. First, we note that the ef-gquation
fective potential(11) comes from the nonperturbative quan- a 47rm§,)\‘29 ¥ \"
tum contributions, and the factor (2!/(2"n!) of )\gn in 3= T” m—) (25
P

1(n-2)
x(1)=x(t;)

. (@7

symmetric loop diagrams from the higher order self-into Eq.(24), we obtain the solutions
interactions and, hence, enhances the effective coupling con- ~
stants in the very early Universe when the quantum effects of mpk%
X(O=x(tyexp -\ (t-t)| (n=2), (26)
=0), the wave functiori7) determined in this way is indeed
the exact state of Eq5), and the other excited quantum
Gaussian state is no longer exact, but it is also known that it
describes quite accurately the system even for a strong colr all cases ofh one has a period of inflation described by
very early Universe. Equatiofil2) can be written as a sec-
ond order equation which follows from the Friedmann equation. These solutions
. 1 % 2n—-1
X+3\Z1x= 138 S MPx+ MmN, m—P> =0. (200 cal model of inflation the large quantum fluctuation with a
X nearly minimal uncertainty and the nonperturbative quantum

matter fields are expected to be important. For the massive
. In(n+2)?mar3,

+ — — 1.
states can be constructed by acting on the creation operators
pling constant. _ _ _ 2EnS (o "

We are now able to find the two asymptotic solutions to a(t):a(ti)ex;{ A/ P 2”f (L) (t)dt
3n t\ Mp
are the same as those of the chaotic inflation m¢ad].

The symmetric Gaussian stat@ for the inflaton has the contributions at the very early Universe do drive the quasi-

Egs.(12), (17), and(13) actually accounts for the number of
real inflaton without a higher order interactidne., \,,
(14) [13]. Once the higher order coupling is turned on, the (n=3).
Eq. (12). First, we consider the quantum dynamics at the
al. The big difference, however, is that in the quantum dynami-
exponential expansion of the Universe. As the Universe in-

dispersions i
flates, A¢ decreases bubw, grows and the symmetric
Adb= V(B2 —(H)2= Gaussian state becomes sharply peaked, showing classical
$=V(D () =x, features.
= = . . Second, we consider the late evolution of the Universe.
— — / !
Am=(m?)—(m)?=a’(x*+x*¢*)"?, (21) Using nonlinear system theofyl4], we find alimit cycle

R N when @/dx) V =0:
where()={¢$)=0. The uncertainty relation becomes ©/ax) Verx)

2(n—1)
ApAm= 5 (1+4m2x?)", (22)

(28)

_ 2.2, X
=m“+mg\ (—
4a6X4 P 2n Mp
As the Universe expands, the quantum fluctuatjpprde-
2For a systematic improvement of the approximation, see[Rgf. creases due to the friction from the Hubble parameter and

and the detailed deviations from the exact results in this Gaussiahehaves as a classical inflaton field. The equilibrium is de-
approximation are dealt with in Ref11]. termined dominantly by the mass term, and the motion of the
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effective inflaton tends toward the limit cycle of a coherentof potentials. We have found an equivalent two-dimensional

oscillation constrained approximately by nonlinear dynamical system for the dispersion of the inflaton
1 and the conserved(ll) charge as an angular momentum. We

xead=— (29) o :
om’ have put forward the minimal uncertainty proposal that the

initial condition with a large field fluctuatioridispersion
and a small momentum and with an overall minimal uncer-
tainty naturally explains the early stage of the inflationary
universe. It was shown that the(l) charge is fixed to a
definite value, which plays the role of angular momentum in
the two-dimensional nonlinear system. This is contrasted to
the usual complex inflaton theory used in the inflation model
[15,14 or the wormhole modgl17] since there is na priori
reason to take the (1) charge to be fixed in these models.
We conclude with some comments that we have not dealt
in detail with the enhancement of effective coupling con-
m‘F‘,)\Zn ¢ \2" stants and with the inhomogeneous degrees of freqdem
F(¢):nzl W(m_P) ' 3D the nonzero modeésn the real scalar field. Analysis of the
nonzero modes may be interesting since they give rise to the
where the vacuum energy is adjusted to zero. By the sam@ensity perturbation necessary for structure formation and
analysis as before, one may obtain the effective potentianay affect the inflation and the quantum dynamics of the

The Friedmann equation along the limit cycle of the motion
leads to a power-law expansion

1

37m 1/3
- tz} : (30

2ms
which is valid for the later time.

Finally, we extend the potential in ER) to be an arbi-
trary analytic and bound potentid(¢)=F(¢), which is

also symmetricF(—x)=F(x). One may then expand the
potential in a Taylor series by

a(t)= 1+ -

from quantum fluctuation real inflaton. The quantization of this interacting theory of
1 max 2\ n the nonzero modes and the role of effective coupling con-
v T s 2“/)(_ (32  stants in density perturbation require a further study.

eff— 6.2 n 2
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